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Euler Equations—Implicit Schemes and Boundary Conditions

Sukumar R. Chakravarthy*
Rockwell International Science Center, Thousand Oaks, California

Implicit boundary condition procedures are presented for use with implicit finite difference schemes for the
unsteady Euler equations. This new boundary point treatment is based on the mathematical theory of charac-
teristics for hyperbolic systems of equations. Along with the theoretical background, the practical application of
the method to several types of boundaries is also explained using several examples. The specific boundary
conditions covered include subsonic inflow and outflow, surface tangency, and shock waves. The example
problems include one-dimensional Laval nozzle flow, dual-throat rocket engine nozzle flow, and supersonic
flow past a sphere. The implicit boundary treatment permits the use of large time steps allowing the finite dif-
ference algorithm to converge to the asymptotic steady state much faster than schemes that use explicitly applied
boundary conditions. At least an order of magnitude increase in computational speed is demonstrated in the
examples shown.'

Background

THE growing popularity of solutions to the Euler
equations in transonics and their continued application in

supersonics have increased the need for quicker solutions. The
potential of implicit schemes in this direction has not been
fully exploited for want of correct, implicit application of
boundary conditions. The predominant use of implicit
algorithms for the Navier-Stokes equations has partly been
responsible for the neglect of implicit boundary point
treatment for the Euler equations. Thus, there is a need for
correct and stable procedures for the easy implicit application
of boundary conditions. Such methods will serve the two
purposes of 1) reaching time-asymptotic steady state faster
and 2) permitting a time step for truly unsteady flow that is
not necessarily restricted by the CFL stability criterion but is
based upon the magnitude of the transients.

For clues and information on how to construct such
boundary condition procedures, one must turn to the
mathematical theory of characteristics for hyperbolic systems
of equations. The unsteady Euler equations belong to this
category. The theory for hyperbolic systems is rich with in-
formation on signal propagation directions. The charac-
teristics theory clearly points to the number of boundary
conditions that may and need be prescribed without over-
determining the solution. Boundary condition procedures
based on this theory have been known and applied for several
years by Kentzer,1 Porter and Coakley,2 de Neef,3 and
others. In earlier work by this author,4'5 easily understood
and implementable methods for boundary point treatment
were presented. However, all of the above techniques were
developed for explicit finite difference schemes. It seems that
it must be easy to extend such methodologies based on
mathematical theory for hyperbolic systems to implicit finite
difference schemes, and indeed, it is simple enough. The rest
of this paper describes such implicit boundary condition
procedures. The given examples illustrate in detail the ap-
plication of the proposed methodology to specific types of
boundaries and demonstrate the merits of the new scheme.
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Theoretical Framework
Consider the governing quasilinear system of equations for

a representative one-dimensional flow:

3t5+dxS(5) + H(D,x) =0 t>0

and its alternate representation:

D(+A(D)DX

(1)

(2)

where t and x denote time and space, respectively; D is the m
vector of dependent variables; E is the flux vector; H is a
source term; and the Jacobian matrix dE/dD is denoted by A.

Assuming that the above equations constitute a hyperbolic
system, there exist real eigenvalues of the coefficient matrix A
and a complete, linearly independent set of left (row) and
right (column) eigenvectors.6 Let A be the diagonal matrix of
eigenvalues (X , i= l , . . . ,m) taken in order of increasing value
and L be the matrix comprising the m row eigenvectors (I*
/=l , . . . ,m) in the same order. (The. ("*) notation denotes both
row and column vectors.) Then,

L(Dt+ADx

or

or

where,

_
3D

= L

(3a)

(3b)

(3c)

(3d)

Thus, premultiplying the governing system of coupled
equations (2) by the matrix of left eigenvectors results in a
decoupled system of equations (3c) in new dependent vari-
ables C. It is enough for our purposes to look at Eq. (3c) con-
ceptually and it is not necessary to seek the new dependent
variable C explicitly. For linear equations, C=LD, but such
simplicity is strictly restricted to linear equations.

The decoupled equations (3c) may be written as

(4)
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It is known4 that, in a finite difference representation of each
equation in Eq. (4), it is appropriate to use a backward dif-
ference approximation to dxcf when the term is multiplied by
positive A/ , and forward difference approximation with
negative A/ . (For A, =0, the choice of spatial discretization is
arbitrary and makes no difference.) When the time
discretization is implicit, such one-sided spatial discretizations
can lead to unconditionally stable (for a linear model
problem) schemes for each of the m equations in Eq. (4). The
justification for upwind differencing based on the charac-
teristic speeds A, is rigorous for linear equations and is ex-
tended,to nonlinear systems by local linearization arguments.
For nonlinear systems, Cmay not exist. In that case, Eqs. (3c)
and (3d) would not be meaningful. Independent of the
existence of C, in each equation of Eq. (3b), it is appropriate
to approximate the elements of Dx multiplied by positive A,- by
backward difference formulas, etc.

At a boundary (say at x(), some eigenvalues (negative)
would imply signal propagation from the interior to the
boundary point (along negative spatial direction). Others
(positive) would imply information affecting the point from
outside the boundary. Forward spatial discretization can
correctly account for the influence of negative or zero
eigenvalues. But it is incorrect to use forward finite difference
formulas for the other equations. Also, grid points do not
exist to the left of the boundary, thus excluding the use of
backward difference formulas. Equations implying positive
propagation must thus be discarded and replaced with
boundary conditions. Let there bep positive eigenvalues and/?
boundary conditions of the type

Bi(D)=0 i = m

or its time-linear representation

—'- = —4d,D = 0 i = m-
dt 3D '

Then, the following set of equations:
d + X j d x C j . + f f i ^ O for i =

(5a)

(5b)

for i = m—p + l,...,m (6)

describe the flow at the boundary point and can be solved with
forward spatial discretization and implicit temporal dis-
cretization. This treatment of boundary points will result in
unconditional linear stability.

Tracing backwards the steps between Eqs. (1) and (6), the
last equation can be rewritten as

or

or

where

L!Dl+L2(Ex+ff)=0

D[+LT1L2(EX+H)=0

Dt+L]-}L2(ADx+H)=0

1st row

(m— p)i\\ row

(m— /? + 7)th row

(7a)

(7b)

(7c)

(8)

L,= (9)

1st row

(m-p)th row

(m— p + l)th row

row

Thus the application of implicit boundary conditions is as
simple as solving Eq. (7) at the boundary points along with
Eqs. (1) or (2) at interior points using a proper implicit dif-
ference algorithm. Obviously, L1 must be nonsingular and
this condition guides the user in choosing Bt with
discrimination.

So far, this paper has dealt with generalities. The remaining
sections will cover particular forms of equations and
boundary conditions. To conclude this section, a few obvious
facts are reviewed:

1) The role of the negative and positive eigenvalues are
reversed at the right boundary (x=xr).

2) At boundaries, one-sided spatial difference formulas are
used (forward atx=x( and backward at x=xr).

3) Lj will certainly be nonsingular if dBi/dD = oi^, where a
is a constant of proportionality. Such a choice of B/ can be
used for simple, nonreflective far-field boundary conditions.

4) The number of boundary conditions required is equal to
the difference between the number of unknown dependent
variables and the number of characteristics that do not point
from outside the domain to the boundary point.

5) The new procedure may be applied both to the con-
servation and nonconservation forms of the governing
equations. The discrete conservation properties of the method
are discussed later.

6) The boundary point equation (7) can also be used with
explicit finite difference methods.

Laval Nozzle Flow
The first example, to be considered in this section, fits

snugly into the mold created in the last section. The governing
equation is precisely Eq. (1) with

D =

P

pu

e

E=
pu

p + pu2

(e+p)u

-> xTJ __ __ *

pu

pu2

(e+p)u
(10)

/?7th row

where p is the density; p the pressure; 'the area of the Laval
nozzle, A,=A(x); Ax — dA/dx; u is the velocity; e = 'p/(y-
1) + pu2/2; y is the specific heat ratio.

A parabolic area distribution was used:

(U)

At the subsonic inflow, enthalpy, h = yp/ [ (j- l)p] +u2/2
and entropy, s=p/p7, were prescribed to be their stagnation
chamber values. At the outflow, a constant pressure value was
imposed that would result in subsonic flow there. The back
pressure imposed was chosen to give risk to a shock at x= !/3.
To start the calculations, initially, no flow and stagnation
values of pressure and density were prescribed throughout the
nozzle.



MAY 1983 IMPLICIT SCHEMES AND BOUNDARY CONDITIONS 701

The eigenvector matrix L may be shown to be MACH NO. PROFILES

u— +
p

1-

u
p

(7-1)"'
2pc

(y-l)u2

2c2

^ (7-O"2
2pc

1 (7-D"
P PC

(7-1)"
c2

1 (7-1)"
P pc

i

7-1
pc

7-1
c2

7-1
pc

with

row (\} )

row (\2 )

row (\3 )

(12)

(13)

where c= (yp/p)l/2 is the speed of sound. The notation "row
(X/)" denotes the row eigenvector corresponding to the
eigenvalue X,.

At the inflow boundary,

1.50

YMAX = 0.75 AT x = 1
PARABOLIC LAVAL NOZZLE

1.00

dph dpuh deh

L dps dpus des

(14)

At the outflow boundary,

LI =

dpp dpup 8ep

(15)

The finite difference algorithm used may be written as7'8

+' -D" )

] (bxE« +H")-ee[( VXAX)2]D" (16)

where ee and e, are the explicit and implicit smoothing
coefficients, respectively.

VxD = Dj+1-Dj A,Z> = Z>, -£>,_; (17)

For interior points,

dx = ( A, + V, ) / (2 Ax) and L3 =1

For boundary points

dx = vx/(Ax) for inflow (left)

dx=Ax/(Ax) for outflow (right)

L3 = L] L2

Numerical results are compared with the exact solution for
this problem in Figs, la and Ib. The results were obtained for
ymln = 0.5, ymax = 0.75, and for a CFL number of 25.0 using a
51 -point grid.

CFL number =
At

(maximum I eigenvalue I) (18)

The close comparison between the numerical and exact
solutions validates the numerical method.

PRESSURE PROFILES

.90

.76 -

.34

.20

— EXACT

X NUMERICAL

: YMAX = .75ATX = i
: PARABOLIC LAVAL NOZZLE

-.33 .00 .67 1.00.33
b) X

Fig. 1 a) Comparison of Mach number profiles for Laval nozzle
flow, b) Comparison of pressure profiles for Laval nozzle flow.

Table 1 Computational CPU times for the example problems
CFL
No.

Number of
time steps Iog10(rms)

Computer time,
CPU seconds

Laval nozzle flow, conservation law,
51 points, CDC 7600
1.0 3000 -5

25.0 120 -.5

Dual-throat nozzle flow, conservation law,
59 x 14 + 43 x 17 points, Cyber 173
1.0 2200 -2
7.5 600 -4

Supersonic flow past sphere, SCM method,
21x21 points, CDC 7600

-3
1.0 800 (variables)

-2
(shock)

_ -5

10.0 100 (both)
-3

39.3
1.33

1730.0
460.0

200.0

25.0
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Between every two time steps of the numerical solution
process, the square of the change in each dependent variable
was summed up. The square root of the average over all grid
points of this sum was computed for each time step, nor-
malized by its maximum value over all time steps and denoted
by rms. Figure 2 displays the time history of Iog10 (rms) for
two CFL numbers of 1.0 and 25.0. It is clear that while 3000
steps are required for decreasing the residue by five orders of
magnitude using the smaller time step, the same convergence
is attained after only 120 steps at a CFL number 25. A
compilation of computer time required for this example and
the others to follow is given in Table 1.

Two-Dimensional Theory
The theory and application of the implicit boundary point

treatment presented for one spatial dimension are easily
extended to more dimensions. Let the governing equation be
written in the arbitrary coordinate system % = %(x,y,t), rj

(19)

D = D/J,

F= (

where

H=H/J

and

D =

P

pu

pv

e

E=

pu

p + pu2

puv

(e+p)u

pv

puv

p + pir

(e+p)v _

pv

puv

pv2

(e+p)v

= Jacobian of transformation

Equation (19) is in the conservation law form. Let

dE
B =

dF c= (20)

The eigenvalues of A are (when scaled by the Jacobian J)
given by , .

where

(21)

and the eigenvalues of B are obtained fromjhose of
setting £ to r/. The left eigenvector matrix for A is given by

^primitive^ (22)

500 1000 1500 2000 2500 3000

TIME STEPS
Fig. 2 Residue time history for Laval nozzle flow.

where

^primitive

1

0

c/p

c/p

0

i-*/
k2

-k2

k,

r~ -k2

-k,
r

k.

k2

\/(pc)

- l/(pc)

-I /(pc)

l/(pc)

row ( X 7 )

row (X 2 )

row (X 5 )

row (\4)

(23)

with

and

M=

1
— u/p

— v/p

u2 + v2

(7-1)— £—

_ _ _ _ _ _ _ _ _ _ _ _
0

i/p
0

-(7-1)"

_ _ _ _ _ _ _ _ _ _ _ _

0

0

1/p.

-(7-l)i;

0

0

0

(7-1)

(24)

(see Ref. 9 or 10 for more details). The eigenvector matrix for
B is again obtained from that for A by interchanging r? f or £in'
Eqs.(23)and(24).

With the above background information, the application of
the boundary condition procedure is a straightforward ex-
tension of the theory for one spatial dimension. In fact, that
theory is directly applied by partitioning off one of the two
dimensions along with the source term conceptually into a
composite source term. For boundaries where £ = constant,
the ^-derivative term is considered a source term; and for
rj = constant boundaries, the ^-derivative terms, are grouped
with H as a source term. The modified governing equations
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that must be used at boundary points are thus simply

(25)

where the row eigenvectors are computed appropriately from
either Aor B.

Then, the same approximately factored algorithm used at
interior points may be applied to boundary points as follows:

PRIMARY
INLET

AXIS OF SYMMETRYNORMAL
SHOCK

Fig. 3 Schematic diagram of mode 1 inviscid flow in dual-throat
nozzle.

(26)

with the previous definitions [see Eq. (17)] for L3, 5%, 6^,
etc., for interior and boundary points. It is interesting to note
that L3 multiplies all spatial and source terms and not just the
derivative terms in the one coordinate direction for which L is
defined.

3.Q -

> 1.5

9.5 11.0

Fig. 4 Computational grid for implicit solution of conservation
laws.

Dual-Throat Nozzle Flows
The two-dimensional theory of the last section is now

applied to compute the inviscid flow through a dual-throat
rocket engine nozzle. A schematic of such a nozzle is shown in
Fig. 3. In the first mode of operation, both combustors
(attached to the primary and secondary inlets) are in
operation resulting in a normal shock in the primary nozzle
and a slip line dividing the inner and outer streams. The
conservation law form of the governing equations was solved
on the grid of points shown in Fig. 4 using the implicit scheme
given by Eq. (26). .

The implicit boundary treatment for inflow and outflow
have already been discussed for the Laval nozzle. A minor
modification is made for two-dimensional flow to account for
the extra repeated eigenvalue U and the extra dependent
variable pv. At inflow boundaries, now, three boundary
conditions are needed. In addition to entropy and enthalpy,
the vertical component of velocity is also specified (to be
zero). Thus L1 is made up of tt, dh/dD, ds/dD, dv/dD. At the
outflow, the specification of back pressure is sufficient for
subsonic flow. To start the calculations, no flow and a low
value of pressure are prescribed throughout the nozzle. The
combustor (inlet) pressure (and thus enthalpy and entropy)
are raised over a period of time towards their final steady
values.5 The outflow is subsonic to start with but eventually
becomes supersonic. When this occurs, no boundary con-
ditions are needed at the nozzle exit plane.

The application of surface tangency at the nozzle walls is
now explained. Surface tangency is expressed as

(27a)

(27b)

or in the time linearized fashion as

r ] x ( p u ) T + r l y ( p v ) T =

At nozzle walls where only positive and zero eigenvalues
account for propagation from interior to the nozzle wall,

' L,=

rjy 0

(28)

and the first row of L2 is zero. The matrices Ll and L2 for
nozzle walls where positive eigenvalues must be discarded are
similarly derived.

Mach number and pressure contours obtained from this
implicit method are shown in Figs. 5 a and 5b and the results
are compared with results from another numerical method in •
Figs. 5c-5e. This second method, labeled the SCM (split
coefficient matrix) method in the plots, employs, "fitting"
procedures to treat the shock wave and slip line as precise
discontinuities. For more details on the application of the
SCM method4 to dual-throat nozzle flows, the reader is
referred to Ref. 5. The close comparison of the results ob-
tained using these two independently derived methods
validates both methods. In these results, zones 1 and 2 denote
the regions below and above the slip line, respectively.

A time history of log I0 (rms) for this example problem is
displayed in Fig. 6 for two CFL numbers 1.0 and 7.5. For the
first case, the combustor pressures reached final steady-state
values [/?0(inner) = 1.0, p0 (outer) = 0.925] after 500 steps,
For the second case (CFL number of 7.5), the transient
pressure rise was imposed over 200 steps. The dramatic in-
crease in convergence rate is clearly seen for the: larger time
step. About four orders of magnitude reduction in the rms
value takes but 400 steps after complete combustor pressure
rise. Trie solution converges very slowly for the smaller time
step.

Shock Fitting
The last example is the supersonic flow past a sphere. A

bow shock stands upstream of the sphere and the objective is
to implicitly "fit" this shock as a computational boundary.

Let the shock be defined by rj = rjmax. At a shock point only
the fourth eigenvalue

X^ — 77, + uj]x + v rjy + c

is positive and accounts for signal propagation from the
interior of the domain to the boundary. Upstream of the
shock, the dependent variables take on their freestream
values. Downstream of. the shock, if pressure (for con-
venience) is known, then the Rankine-Hugoniot jump
relations provide enough equations to compute density, the
velocity components and the shock speed (normal to itself).
Thus, at a shock point, one may construct derivatives dp/dp,
du/dp, dv/dp from the Rankine-Hugoniot relations (see any
text on gasdynamics or Ref. 4). From these dS/dp may also
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I

.40

.20
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I 1. PRIMARY WALL, SLIP LINE
2. AXIS

2.0 4.0
d)

6.0 8.0
X

10.0 12.0

2.50

2.00

—— CONSERVATION LAW SOLUTION
+ SCM METHOD

C)
2.0 4.0

1. PRIMARY WALL,
SLIP LINE

2. AXIS
i i . . i.

6.0 8.0
X

10.0 12.0

1.00

.20

- CONSERVATION LAW
+ SCM METHOD

: 1. SECONDARY WALL
2. PRIMARY OUTERWALL,

SLIP LINE

e)
2.0 4.0 6.0 8.0

X
10.0 12.0

Fig. 5 a) Mach number contours in dual-throat rocket nozzle, b) Pressure contours in dual-throat rocket nozzle, c) Mach number profiles in zone
1: SCM vs conservation law. d) Pressure profiles in zone 1: SCM vs convention law. e) Pressure profiles in zone 2: SCM vs conservation law.

be constructed. With this background, a minor modification
of the implicit boundary procedures presented in the earlier
sections yields the equations to be solved implicitly at the
shock. ' ,

The one compatibility equation valid at the shock is

or
-, 3D -,?4—pT + ?4(op

(29a)

(29b)

Denoting the product f4(dD/dp) by TV, Eq. (29b) may be
rewritten as

Since Dr = (dD/dp)pT, we have

. / 3D -, ~

which may be transcribed into the familiar form

(29c)

(30)

-3

CFL NUMBER = 1.0

CFL NUMBER =7.5

400 800 1200
I

1600 2000

TIME STEPS

Fig. 6 Time history of rms change in dependent variables for dual-
throat nozzle flow.
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where
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LT'L2 = (31)

(The elements of D have been denoted by d{.)
To start the calculations, the shock shape and speed are

chosen (speed is usually set to zero). The solution behind the
shock is known from Rankine-Hugoniot relations. The rest of
the flowfield is also initialized approximately. The implicit
scheme [Eq. (26)] is applied in one step including Eq. (31) at
the shock to update the dependent variables. The new pressure
behind the shock is used to calculate the new shock velocity
which in turn is used to move the grid and define grid point
velocities for the next step.

a)

SHOCK SHAPE AND
PRESSURE CONTOURS

-1.5

b)

PRESENT
LYUBIMOV & RUSANOV

40 60
>DEGREES

Fig. 7 a) Comparison of shock location for supersonic flow past a
sphere, b) Comparison of surface pressure distribution for supersonic
flow past a sphere.

RMS CHANGE OF
DEPENDENT VARIABLES

200 400 600 800

NO. OF STEPS
Fig. 8 Time history of rms change in dependent variables and rms
shock speed for supersonic flow past blunt body with shock "fitting."

The results that follow used the SCM method applied to the
nonconservation form of the equations

(32)

with

D =

and consequently different choices for A, B, and H than for
the conservation dependent variables used earlier. Thus the
implicit procedure at boundaries is given by a two-
dimensional extension of Eq. (7c):

(AD + H)=0 (33)

Similar results have also been obtained using the conservation
form.

Numerical results obtained using the method under con-
sideration are compared with results from Lyubimov and
Rusanov11 in Figs. 7a and 7b. The two solutions match almost
exactly for this case with Mx =2.0. The implicit scheme used
a grid of 21 x 21 points. The time history of the log,0 (rms) is
shown in Fig. 8 for two CFL numbers 1.0 and 10.0. The
advantage of using a larger time step is obvious. Six orders of
magnitude reduction in both shock speed and flowfield
change take less than 200 steps with CFL number 10.0. For an
accuracy comparable to 800 steps with CFL number 1.0, it
takes but 50 steps at the larger time step.

Concluding Remarks
New, implicit boundary condition procedures have been

described for use with implicit finite difference methods.
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When boundary points are treated explicitly, even though
interior points may be solved by implicit schemes, a CFL
number of 1.0 will be the maximum possible for stability. The
implicit boundary treatment presented avoids such restric-
tions. The increase in computational speed made possible by
the new method is clearly seen when results for a larger CFL
number are compared with results for a CFL number of unity.
At least an order of magnitude speed up has been shown for
the examples presented. These examples have also been used
to show detailed application of the new methodology to
specific types of boundaries. Subsonic inflow and outflow
were introduced in the discussion of quasi-one-dimensional
Laval nozzle flow. Surface tangency was covered along with
dual-throat nozzle flows and shock fitting described in
conjunction with supersonic flows past bluff bodies.

The new method is applicable to both the conservation and
the nonconservation law form. It is obvious that the discrete
analog of the conservation property is not strictly satisfied at
boundaries. This is only partly a result of modifying the
spatial derivatives and source term with L]~}L2. It is also
because, usually, the finite difference approximation used at
the boundary point is not consistent with that used at interior
points from the point of view of obtaining global con-
servation. In fact, when

(34)
2Ax

for interior points, at the left boundary, the operator must be
defined to be

(35)

for global conservation. It will be interesting to try Eq. (35) in
future test problems.

In the new methodology presented, only time-linearized
boundary conditions are utilized. Therefore, for nonlinear
boundary conditions, the solution at the updated or new time
level would only be satisfied approximately. Approximate
factorization procedures for multidimensional problems
introduce other errors. Consequently, after the solution is
advanced one step, the independent variables at boundary
points must be overwritten to satisfy the boundary conditions

exactly. Another approach would be to reformulate the
boundary conditions so that they help drive the residual in
satisfying the boundary qondition to zero:

3B? -
-B? (36)

VJLS

and not worry about overwriting dependent variables. This
latter approach has not been utilized in the results presented
above.
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